1.. Introduction {#s1}
================
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We describe an approach that is applicable when $\documentclass[12pt]{minimal}
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}{}$p(x\mid \theta )$\end{document}$ has an associated rejection sampling algorithm. Our idea is to instantiate the rejected proposals preceding each observation, resulting in an augmented state-space on which we run a Markov chain. Including the rejected proposals can eliminate any intractable terms, and allows the application of standard techniques ([@ASW005C2]). We show that, conditioned on the observations, it is straightforward to independently sample the number and values of the rejected proposals: this just requires running the rejection sampler to generate as many acceptances as there are observations, with all rejected proposals kept. The ability to produce a conditionally independent draw of these variables is important when posterior updates of some parameters are intractable while others are simple. In such a situation, we introduce the rejected variables only when we need to carry out the intractable updates, after which we discard them and carry out the simpler updates.

A particular application of our algorithm is parameter inference for probability distributions truncated to sets like the positive orthant, the simplex, or the unit sphere. Such distributions correspond to sampling proposals from the untruncated distribution and rejecting those outside the domain of interest. We consider an application from flow cytometry where this representation is the actual data collection process. Truncated distributions also arise in applications like measured time-to-infection ([@ASW005C12]), where times larger than a year are truncated, mortality data ([@ASW005C3]), annuity valuation for truncated lifetimes ([@ASW005C3]), and stock price changes ([@ASW005C1]). One approach for such problems was proposed in [@ASW005C20], through their algorithm samples from an approximation to the posterior distribution of interest. Our algorithm provides a simple and general way to apply the machinery of Bayesian inference to such problems.

2.. Rejection sampling {#s2}
======================

Consider a probability density $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$p(x\mid \theta ) = {f(x,\theta )}/{Z(\theta )}$\end{document}$ on some space $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\mathbb {X}$\end{document}$, with the parameter $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\theta $\end{document}$ taking values in $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\Theta $\end{document}$. We assume that the normalization constant $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$Z(\theta )$\end{document}$ is difficult to evaluate, so that naïve sampling from $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$p(x\mid \theta )$\end{document}$ is not easy. We also assume there exists a second, simpler density $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$q(x\mid \theta ) \ge f(x, \theta )/M$\end{document}$ for all $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$x$\end{document}$ and some positive $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$M$\end{document}$.

Rejection sampling generates samples distributed as $\documentclass[12pt]{minimal}
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3.. Bayesian inference {#s3}
======================

3.1.. Sampling by introducing rejected proposals {#s3a}
------------------------------------------------
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3.2.. Related work {#s3b}
------------------

One of the simplest and most widely applicable Markov chain Monte Carlo algorithms for doubly-intractable distributions is the exchange sampler of [@ASW005C24]. Simplifying an earlier idea by [@ASW005C23], this algorithm effectively amounts to the following: given the current parameter $\documentclass[12pt]{minimal}
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Another framework for doubly-intractable distributions is the pseudo-marginal approach of [@ASW005C4]. The idea here is that even if we cannot exactly evaluate the acceptance probability, it is sufficient to use a positive, unbiased estimator: this will still result in a Markov chain with the correct stationary distribution. In our case, instead of requiring an unbiased estimate, we bound $\documentclass[12pt]{minimal}
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Most closely related to our ideas is a sampler from [@ASW005C2]; see also §[7](#s7){ref-type="sec"}. Their problem also involved inferences on the parameters governing the output of a rejection sampling algorithm. Like us, they augment the state space to include the rejected proposals $\documentclass[12pt]{minimal}
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4.. Convergence properties {#s4}
==========================
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The density from equation ([4](#ASW005M4){ref-type="disp-formula"}) characterizes the data augmentation step of our sampling algorithm. In practice, we need as many draws from this density as there are observations. The next step involves updating $\documentclass[12pt]{minimal}
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5.. Flow cytometry data {#s5}
=======================

We apply our algorithm to a dataset of flow cytometry measurements from patients subjected to bone-marrow transplant ([@ASW005C7]). This graft-versus-host disease dataset has 6809 control and 9083 positive observations, corresponding to whether donor immune cells attack host cells. Each observation consists of four biomarker measurements truncated between 0 and 1024, though more complicated truncation rules are often used according to operator judgement ([@ASW005C19]). We normalize and plot the first two dimensions, markers CD4 and CD8b, in Fig. [1](#ASW005F1){ref-type="fig"}. Truncation complicates the clustering of observations into homogeneous groups, an important step in the flow-cytometry pipeline called gating. Consequently, [@ASW005C19] propose an expectation-maximization algorithm for truncated Gaussian mixture models, which must be adapted if different mixture components or truncation rules are used.

We model the untruncated distribution for each group as a Dirichlet process mixture of Gaussian kernels ([@ASW005C22]), with points outside the four-dimensional unit hypercube discarded to form the normalized dataset. The Dirichlet process mixture model is a flexible nonparametric prior over densities parameterized by a concentration parameter $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\alpha $\end{document}$ and a base probability measure. We set $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\alpha = 1$\end{document}$, and for the base measure, which gives the distribution over cluster parameters, we use a normal-inverse-Wishart distribution. Given the rejected variables, we can use standard techniques to update a representation of the Dirichlet process. We follow the blocked-sampler of [@ASW005C15] based on the stick-breaking representation of the Dirichlet process, using a truncation level of 50 clusters. This corresponds to updating $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\theta $\end{document}$, step 2 in Algorithm 2. Having done this, we discard the old rejected samples, and produce a new set by drawing from a 50-component Gaussian mixture model, corresponding to step 1 in Algorithm 2.

![Scatterplots of the first two dimensions for the control (left) and positive (right) group. Contours represent log posterior-mean densities under a Dirichlet process mixture.](asw00501){#ASW005F1}

Figure [1](#ASW005F1){ref-type="fig"} shows the log mean posterior densities for the first two dimensions from 10 000 iterations. While the control group has three clear modes, these are much less pronounced in the positive group. Directly modelling observations with a Gaussian mixture model obscured this by forcing modes away from the edges. One can use components with bounded support in the mixture model, such as a Dirichlet process mixture of Beta densities; however, these do not reflect the underlying data generation process, and are unsuitable when different groups have different truncation levels. By contrast, it is easy to extend our modelling ideas to allow groups to share components, allowing better identification of disease predictors.

Our sampler took less than two minutes to run 1000 iterations, not much longer than a typical Dirichlet process sampler for datasets of this size. The average number of augmented points was 3960 and 4608 for the two groups. We study our sampler more systematically in the next section, but this application demonstrates the flexibility and simplicity of our main idea.

6.. Bayesian inference for the matrix Langevin distribution {#s6}
===========================================================

6.1.. The matrix Langevin distribution on the Stiefel manifold {#s6a}
--------------------------------------------------------------
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6.3.. Posterior sampling {#s6c}
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All terms in ([5](#ASW005M5){ref-type="disp-formula"}) can be evaluated easily, allowing a simple Metropolis--Hastings algorithm in this augmented space. In fact, we can calculate gradients to run a Hamiltonian Monte Carlo algorithm ([@ASW005C26]) that makes significantly more efficient proposals than a random-walk sampling algorithm. In particular, let $\documentclass[12pt]{minimal}
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6.4.. Vectorcardiogram dataset {#s6d}
------------------------------

The vectorcardiogram is a loop traced by the cardiac vector during a cycle of the heart beat. The two directions of orientation of this loop in three dimensions form a point on the Stiefel manifold. The dataset of [@ASW005C10] includes 98 such recordings, and is displayed in Fig. [2](#ASW005F2){ref-type="fig"}(a). We represent each observation with a pair of orthonormal vectors, with the cone of lines to the right forming the first component. This empirical distribution possesses a single mode, so that the matrix Langevin distribution seems a suitable model.
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![Effective samples per second for (a) random walk and (b) Hamiltonian samplers. From bottom to top at abscissa 0$\documentclass[12pt]{minimal}
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We place independent exponential priors with mean 10 and variance 100 on the scale parameter $\documentclass[12pt]{minimal}
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6.5.. Comparison of exact samplers {#s6e}
----------------------------------

To quantify sampler efficiency, we estimate the effective sample sizes produced per unit time. This corrects for correlation between successive Markov chain samples by estimating the number of independent samples produced; for this we used the rcoda package of [@ASW005C27].

Figure [3](#ASW005F3){ref-type="fig"}(a) shows the effective sample size per second for two Metropolis--Hastings samplers, the exchange sampler and our latent variable sampler on the vectorcardiogram dataset. Both perform a random walk in the $\documentclass[12pt]{minimal}
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}{}$1{\cdot }5$\end{document}$, with the exchange sampler performing slightly better. However, the real advantage of our sampler is that introducing the latent variables results in a joint distribution with no intractable terms, allowing the use of more sophisticated sampling algorithms. Figure [3](#ASW005F3){ref-type="fig"}(b) studies the Hamiltonian Monte Carlo sampler described at the end of §[3.1](#s3a){ref-type="sec"}. Here we vary the size of the leapfrog steps along the horizontal axis, with the different curves corresponding to different numbers of such steps. This performs an order of magnitude better than either of the previous algorithms, with performance peaking with 3 to 5 steps of size 0$\documentclass[12pt]{minimal}
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6.6.. Comparison with an approximate sampler {#s6f}
--------------------------------------------

In this section, we consider an approximate sampler based on an asymptotic approximation to $\documentclass[12pt]{minimal}
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On the vectorcardiogram dataset, the approximate sampler is about forty times faster than the exact samplers. For larger datasets, this difference will be even greater, and the real question is how accurate the approximation is. Our exact sampler allows us to study this: we consider the Stiefel manifold $\documentclass[12pt]{minimal}
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![Errors in the posterior mean for the vectorcardiogram dataset. Each panel is a different component of $\documentclass[12pt]{minimal}
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7.. The Gaussian process density sampler {#s7}
========================================

7.1.. Nonparametric density modelling with a transformed Gaussian process {#s7a}
-------------------------------------------------------------------------

Our next application is the Gaussian process density sampler of [@ASW005C2], a nonparametric prior for probability densities induced by a logistic transformation of a random function from a Gaussian process. Letting $\documentclass[12pt]{minimal}
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7.2.. Posterior inference {#s7b}
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7.3.. Experiments {#s7c}
-----------------

Voice changes are a symptom and measure of the onset of Parkinson\'s disease, and one attribute is voice shimmer, a measure of variation in amplitude. We consider a dataset of such measurements for subjects with and without the disease ([@ASW005C21]), with 147 measurements with, and 48 without the disease. We normalized these to vary from 0 to 5, and used the model of [@ASW005C2] as a prior on the underlying probability densities. We set $\documentclass[12pt]{minimal}
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}{}$\cdot $\end{document}$1,1 and 10. The Gaussian process had a squared-exponential kernel, with variance and length-scale of 1. For each case, we ran a Matlab implementation of our data augmentation algorithm to produce 2000 posterior samples after a burn-in of 500 samples.

![Inferences for the Parkinson\'s dataset: (a) posterior density for positive (solid) and control (dashed) groups, (b) posterior distribution of the Gaussian process function for positive group with observations. Both panels show the median with 80 percent credible intervals.](asw00505){#ASW005F5}

Figure [5](#ASW005F5){ref-type="fig"}(a) shows the resulting posterior over densities, corresponding to $\documentclass[12pt]{minimal}
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![Rejected proposals for the Parkinson\'s dataset: (a) kernel density estimate of locations of rejected proposals, and (b) histogram of the number of rejected proposals for the positive group.](asw00506){#ASW005F6}

8.. Future work {#s8}
===============

Our algorithm, while exact, also provides a framework for faster, approximate algorithms. A priori, the number of rejected proposals preceeding any observation is unbounded: one can bound the computational cost of an iteration by limiting the maximum number of rejected proposals. Similarly, one might share rejected proposals across observations. We leave the study of such approximate sampling algorithms for future research. Also left open is a more careful analysis of Markov mixing rates for the applications we considered. There are also a number of applications that we have not described here: particularly relevant are rejection samplers for diffusions ([@ASW005C5]; [@ASW005C6]).
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\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$k(\hat {\theta }\mid \theta )$\end{document}$ satisfies equation ([2](#ASW005M2){ref-type="disp-formula"}), with $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$ \delta = [ {b_f}\{{B_f( \beta + R^{-1})}\}]^n$\end{document}$, and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$h(\hat {\theta }) = p(\hat {\theta }\mid X)$\end{document}$.

Gradient information {#s9b}
--------------------

For $\documentclass[12pt]{minimal}
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}{}$n$\end{document}$ pairs $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\{X_i, \mathcal {Y}_i\}$\end{document}$, with $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\tilde {n} = n + \sum _{i=1}^n |\mathcal {Y}_i|$\end{document}$, and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$S = \sum _{i=1}^n(X_i + \sum _{j=1}^{|\mathcal {Y}_i|} Y_{ij})$\end{document}$, we have $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}\[ \log\left[p(\{X_i,\mathcal{Y}_i\}|\kappa)\right] = \text{trace}(\kappa G^{\rm T} S) +\sum_{i=1}^n \sum_{j=1}^{|\mathcal{Y}_i|} \log \left \{ \frac{D(\kappa) - D(Y_{ij}, \kappa) }{ D(Y_{ij}, \kappa)}\right \} - \tilde{n} \log D(\kappa). \]\end{document}$$ Let $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\tilde {D}(Y, \kappa ) = \prod _{r=1}^p \|\kappa _r N^{\rm T}_r G_{[:r]}\|^{-(d-r-1)/2} I_{(d-r-1)/2}(\|\kappa _r N^{\rm T}_r G_{[:r]} \|) $\end{document}$, and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\tilde {D}(\kappa ) = \prod _{r=1}^p \|\kappa _r \|^{-(d-r-1)/2} I_{(d-r-1)/2}(\| \kappa _r \|) $\end{document}$. Since $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}${{\rm d} }\{{x^{-m}}{I_m(x)} \}/{{\rm d} x}= x^{-m}I_{m+1}(x)$\end{document}$, $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}\[ \frac{{\rm d} \tilde{D}(Y, \kappa)}{{\rm d} \kappa_j} = N^{\rm T}_jG_{[:j]} \tilde{D}(Y,\kappa) \frac{I_{(d-j+1)/2}}{I_{(d-j-1)/2}}(\kappa_j N^{\rm T}_jG_{[:j]} ), \quad \quad \frac{{\rm d} \tilde{D}(\kappa)}{{\rm d} \kappa_j} = \tilde{D}(\kappa) \frac{I_{(d-j+1)/2}}{I_{(d-j-1)/2}}(\kappa_j). \]\end{document}$$

Then, writing $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$L = \log p(\{X_i,\mathcal {Y}_i\}|\kappa ) $\end{document}$, and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\tilde {D}'$\end{document}$ for $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}${\rm d}\tilde {D}/{\rm d}\kappa _k$\end{document}$, we have $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}\begin{align*} \frac{{\rm d} L }{{\rm d} \kappa_k} &= G_{[:k]}^{\rm T} S_{[:k]} +\sum_{i=1}^n \sum_{j=1}^{|\mathcal{Y}_i|}\left \{ \frac{\tilde{D}'(\kappa) - \tilde{D}'(Y_{ij}, \kappa) }{\tilde{D}(\kappa) - \tilde{D}(Y_{ij}, \kappa)} - \frac{\tilde{D}'(Y_{ij}, \kappa) }{\tilde{D}(Y_{ij}, \kappa) } \right \} - \tilde{n}\frac{\tilde{D}'(\kappa)}{\tilde{D}(\kappa)} \\ & = G_{[:k]}^{\rm T} S_{[:k]} +\sum_{i=1}^n \sum_{j=1}^{|\mathcal{Y}_i|}\left \{ \frac{ \frac{I_{(d-k+1)/2}(\kappa_k)}{I_{(d-k-1)/2}(\kappa_k)} - N^{\rm T}_kG_{[:k]} \frac{I_{(d-k+1)/2}(\kappa_k N^{\rm T}_kG_{[:k]} )}{I_{(d-k-1)/2}(\kappa_k N^{\rm T}_kG_{[:k]} )} } { 1 - {\tilde{D}(Y_{ij}, \kappa)}/{\tilde{D}(\kappa)}} \right \} - \tilde{n} \frac{I_{(d-k+1)/2}(\kappa_k)}{I_{(d-k-1)/2}(\kappa_k)}. \end{align*}\end{document}$$
